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Leaf area index (LAI) is an essential climate variable (ECV) critical for land surface and climate 
modelling studies [1]. Atmospheric processes are intrinsically linked to the biosphere through 
the surface energy balance [2]. The important atmosphere-biosphere feedbacks to climate 
change predictions need to be better understood and simulated. Including the effects of changes 
in LAI on the mean annual streamflow and runoff has been shown to be important in future 
projections of streamflow when applying a hydrological model [3]. Also improvements for 
monitoring droughts have been reported from assimilating LAI into a land surface model [4]. 
Canopy LAI is an important parameter for carbon uptake studies and may have either positive 
or negative radiative forcing depending on other forest parameters and the composition of the 
forest floor [5]. LAI is also very important for photosynthesis, and a biochemical CO2 exchange 
model has been shown to be sensitive to changes in the LAI of boreal forest on a daily scale [6, 
7]. It has been suggested already more than a decade ago that better information regarding the 
spatial heterogeneity of key parameters, such as LAI, obtained from new remote sensing 
techniques could markedly improve boreal ecosystem model predictions [8]. In addition, 
replacing the previously used biome type based land surface submodels in atmospheric and 
climate models by remotely sensed LAI information has been found to improve the spatial 
variability of the atmospheric model response substantially [9]. Recently, it was suggested that 
land surface modelling would benefit significantly from improved characterization of the 
seasonal variability of vegetation at global scale [10]. A number of studies have demonstrated 
the potential of assimilating LAI observations to improve the vegetation description in land 
surface models and the implications of introducing the observed seasonal and interannual 
variability of LAI on the annual cycle of hydrological fluxes. In addition, using remotely sensed 
LAI in a model of global numerical weather prediction has been shown to improve the forecast 
of near-surface air temperature and relative humidity [11]. Although several LAI products based 
on remote sensing are available, the estimates may differ by up to 0.5 units in 80% of the pixels 
[12]. A recent thorough comparison of five major global LAI products indicated that their 
typical deviation is larger for forests (the difference being up to 1.0) than for other biomes. The 
LAI values differed more in summer than in winter. The largest observed differences occur in 
the boreal regions [12]. One reason for the difference could be the effect of the forest floor.  
 
Global LAI estimation based on various satellite instruments relies in many cases on solving 
radiative transfer equations using some vegetation model [13, 14, 15]. The geometric-optical 
and kernel based approaches are motivated by their computation efficiency and easiness in 
investigating BRDFs for a large set of input parameters [16, 17, 18]. Commonly used kernels 
are the Ross-thick [19, 20], Ross-thin [19, 21], Roujean [20], Li-sparse [22] and Li-dense [23, 
24]. These semi-empirical kernel models treat the land surface scattering as a sum of three 
components: isotropic, volume and geometric-optical scattering. The first component is related 
to the amount of the scattering material, the second component takes into account horizontally 
homogeneous leaf canopies and the third component pays attention to shadowing effects. The 
Ross-thin and Li-sparse kernels are used, for example, in generating the MODIS albedo product 
[24, 25].  
For many forest types the forest floor vegetation is very scarce and the greenness can be 
attributed to the canopy only. In boreal forests, however, the forest floor vegetation is typically 
abundant and is actually used for classification of the boreal forest types [26]. Hence, the BRF 
model to be applied for boreal forests should also contain a component due to the forest floor. 
Spectral surface reflectance and related anisotropy descriptors can be used to provide this 
information, although they are typically tabulated for various soil types [13]. Improvements in 
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BRF description should also improve the canopy LAI estimates based on reflectance values 
retrieved using satellites. Actually, it is often easier to include the understory vegetation 
component in the model than getting the required input data for it. When fitting a BRF model 
to satellite data covering, for example, a time frame of one or two weeks, the forest floor 
component complicates the analysis whenever one cannot assume it to be constant within that 
time. In boreal forests this problem materializes (besides during winter time) especially at the 
beginning of the growing season, when the understory vegetation develops rapidly. Also 
blooming of the forest floor vegetation may complicate the analysis. Since the mean annual 
cloudiness of the boreal forest zone is typically in the order of 60% - 80% [27], it would be an 
advantage if the forest BRF model would not need many parameters to be fitted in order to be 
able to observe changes in the LAI value also at short time intervals. 
In canopy reflectance models originating from the theory of spectral invariants [13, 28], the 
BRF of a vegetation canopy is derived as a function of the leaf single scattering albedo and 
three wavelength independent canopy structural parameters: canopy interceptance (i0), the 
recollision probability (p) and the directional escape probability. In previous BRF models based 
on the spectral invariants theory [29, 30], the recollision probability has been assumed to be 
constant. In a recent study [31] this assumption was modified to allow the first order recollision 
probability (p1) to be different from the multiple order recollision probability (pd) (assumed to 
remain constant starting from the second interaction). Accordingly, the BRF of the first order 
scattering from the canopy (BRF1) and the total BRF of the canopy were determined separately. 
Here the same approach is extended to include the forest floor contribution to the total BRF like 
in the PARAS forest albedo model [32]. The albedo model, however, only predicts the total 
hemispherical amount of radiation reflected by the canopy and the forest floor, not its angular 
variation as in the model presented here. The same modified spectral invariants approach is 
used for the forest floor as for the canopy. The new model is designed from the perspective of 
inversion of satellite images. The goal of this paper is to model and analyse the effect of the 
forest floor vegetation on the total forest BRF. We test the model using measured forest 
parameter values and satellite data. In addition, we compare the developed model with existing 
kernel-based models. The nomenclature related to the model is provided in Appendix A.  
2. Theory and model description 
2.1 BRF of the canopy 
The recollision probability (p) is defined as the probability by which a photon scattered from a 
leaf or needle in the canopy will interact within the canopy again. Allowing the first recollision 
probability (p1) to differ from the subsequent recollision probabilities (pd), the canopy scattering 
coefficient (C) takes the form [31]: 
 
 𝜔𝐶 = 𝜔𝐿(1 − 𝑝1) + 𝜔𝐿𝑝1
𝜔𝐿
1−𝑝𝑑𝜔𝐿
(1 − 𝑝𝑑)      (1) 
 
where L is the leaf single scattering albedo. 
Likewise, the bidirectional reflectance factor of the canopy at a given viewing space angle , 
BRFc(), can then be expressed as the sum of the single and multiple order components [31, 
Eq. 15] 
 
𝐵𝑅𝐹𝑐(Ω) = 𝑖0𝜔𝐿𝜌1(Ω) + 𝑖0𝜔𝐿𝑝1
𝜔𝐿
1−𝑝𝑑𝜔𝐿




In Eq. (2), 1 and d are the directional escape probabilities of the first order and the multiple 
order scattering, respectively. The canopy interceptance (i0), in turn, is defined as the fraction 
of photons that enter the vegetation from above and are intercepted by elements in the canopy. 
It equals 1-P(Ω), where P is the mean value of the gap probability in the direction Ω over a 
horizontal plane beneath the canopy [31], and can be expressed as: 
 
𝑖0 = 1 − exp(−𝐺 𝐿𝐴𝐼 𝛽 cos 𝜃𝑖⁄ )    (3) 
where LAI is the total leaf area index of the canopy, G is the mean projection of unit leaf (needle) 
area,  is the canopy clumping index and i is the zenith angle of the incoming radiation. Woody 
elements are not explicitly included in the canopy description, but the LAI value used can 
actually be considered as the plant area index rather than the leaf area index. In the simulations 
(Section 1.1),  was assumed to be directionally independent [33] and for the coniferous 
canopies was given a constant value of 0.56. This value approximately accounts for the 
clumping of needles into shoots [34]. When applying the model to inversion of satellite 
reflectance values the standard deviation of neighbour high resolution pixels is an indicator of 
the applicability of the homogeneity assumption.  
 
For simplicity we restrict ourselves to the case for which the reflectance and transmittance of 
the leaf are identical and thus equal to L/2. For coniferous boreal forests and some broadleaf 
species, the spherical leaf angle distribution (i.e. G = 0.5) has been shown to be a fair 
assumption [33, 35]. The bidirectional reflectance factor of the canopy from first scattering only 














) 𝛽 exp(−𝐺 𝛽 𝑦 cos 𝜃𝑖⁄ )𝛽 exp(−𝐺 𝛽 𝑦 cos𝜃⁄ )𝑑𝑦 
      (4) 
where  is the reflectance and  is the transmittance of a leaf and the phase angle γ is defined 
by cos 𝛾 = cos 𝜃𝑖 cos 𝜃 + sin 𝜃𝑖 sin 𝜃 cos𝜑. Here  and  are the zenith and azimuth angles of 
the scattered radiation, choosing the azimuth angle of the incoming radiation to be zero. The 
azimuth angle is zero for the backscattering and π for the forward scattering direction. The 
bidirectional transmittance factor of the canopy in the space angle  of the first scattering in 














) 𝛽 exp(−𝐺 𝛽 𝑦 cos 𝜃𝑖⁄ )𝛽 exp(−𝐺 𝛽 (𝐿𝐴𝐼 − 𝑦) cos 𝜃⁄ )𝑑𝑦 
      (5) 










6 𝐺 𝜋(cos 𝜃 +cos 𝜃𝑖)
((𝜋
− 2 cos−1 [cos 𝜃 cos 𝜃𝑖 +√1 − cos 𝜃
2√1 − cos 𝜃𝑖
2 cos𝜑]) (cos 𝜃 cos 𝜃𝑖
+√1 − cos 𝜃2√1 − cos 𝜃𝑖
2 cos𝜑)
+ 2√1 − (cos 𝜃 cos𝜃𝑖 +√1 − cos 𝜃
2√1 − cos 𝜃𝑖
2 cos𝜑)2) 
      (6) 









6 𝐺 𝜋(cos 𝜃−cos𝜃𝑖)
((𝜋
− 2 cos−1 [−cos 𝜃 cos𝜃𝑖 +√1 − cos 𝜃
2√1 − cos 𝜃𝑖
2 cos𝜑]) (−cos 𝜃 cos 𝜃𝑖
+√1 − cos 𝜃2√1 − cos 𝜃𝑖
2 cos𝜑)
+ 2√1 − (cos 𝜃 cos𝜃𝑖 −√1 − cos 𝜃
2√1 − cos 𝜃𝑖
2 cos𝜑)2) 
      (7) 
Both the denominator and numerator of BTF1 approach zero when the viewing and sun zenith 
angles coincide, but the limit value of BTF1 is finite and takes the form 
 






6 𝐺 𝜋 cos2 𝜃𝑖




                                                       sin 𝜃𝑖
2 cos𝜑) + 2√1 − (cos𝜃𝑖
2 + sin 𝜃𝑖
2 cos𝜑)2) .
      (8) 
 
The first order directional hemispherical reflectance (DHR1) and directional hemispherical 
transmittance (DHT1) of the canopy are 
 
𝐷𝐻𝑅1(𝜃𝑖, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) =
1
𝜋







𝐷𝐻𝑇1(𝜃𝑖, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) =
1
𝜋







Unfortunately it is not possible to integrate Eqs. 9 and 10 in analytic form. Numerically derived 
analytic approximations for the DHR1 and DHT1 formulas are presented in the Appendix B. 
The first order recollision probability p1 is related to DHR1 and DHT1 according to [31, Eq. 16] 
 





(1−𝑒−0.5 𝐿𝐴𝐼𝛽 cos𝜃𝑖⁄ )𝜔𝐿
   (11) 
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The multiple order recollision probability pd is related to LAI and the canopy diffuse 
interceptance iD as [36] 
 
𝑝𝑑 = 1 −
𝑖𝐷
𝐿𝐴𝐼
=  1 −
1−𝑒−0.5 𝐿𝐴𝐼 𝛽(1−0.5 𝐿𝐴𝐼 𝛽)+(0.5 𝐿𝐴𝐼 𝛽)2𝐸𝑖(−0.5 𝐿𝐴𝐼 𝛽)
𝐿𝐴𝐼
  (12) 
 





The bidirectional diffuse reflectance factor BRFd  (i.e. the second term of the right hand side of 










    (13) 
 
Combining Eqs. 11, 12 and 13 we get 
 





−0.5 𝐿𝐴𝐼 𝛽/ cos𝜃𝑖)−𝐷𝐻𝑅1−𝐷𝑇𝐻1)
𝐿𝐴𝐼(1−𝜔𝐿(1−





and the total canopy BRFc (with a black forest floor assumption and showing explicitly the 
angular, LAI and wavelength dependencies of Eq. 2) is  
 
𝐵𝑅𝐹𝑐(𝜃𝑖, 𝜃, 𝜑, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) = 𝐵𝑅𝐹1(𝜃𝑖, 𝜃, 𝜑, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) + 𝐵𝑅𝐹𝑑(𝜃𝑖𝐿𝐴𝐼, 𝛽, 𝜔𝐿) (15) 
 
The diffuse fraction of the transmitted radiation is assumed to equal the diffuse fraction of the 
reflected radiation. Hence the total bidirectional transmission factor of the canopy is 
 
𝐵𝑇𝐹𝑐(𝜃𝑖, 𝜃, 𝜑, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) = 𝐵𝑇𝐹1(𝜃𝑖, 𝜃, 𝜑, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) + 𝐵𝑅𝐹𝑑(𝜃𝑖, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿) (16) 
 
In boreal forests the forest floor is mostly vegetated, hence the BRF of the forest floor (without 
any canopy) in snow-free conditions (BRFg) can be calculated similarly as the canopy BRFc 
(Eq. 15). If the forest floor is snow covered, the forest floor BRF should be replaced by the BRF 
of snow. In principle, the photon recollision theory based approach may still be applied to 
generate the snow BRF, but then the phase function should permit also anisotropic scattering. 
LAI would be replaced by a parameter related to the surface area of the grains and  would be 
related to the complexity of the grain shape that causes multiple scattering from the same grain. 
For bare soil a similar generalization of the parameters can also be assumed. 
 
2.2 Scattering components of direct radiation in the forest 
The first scattering of radiation in the forest may take place either in the canopy or at the forest 
floor. For simplicity we show here only the angular dependence of the components of the total 
forest BRF, but the dependence on LAI,  and L is like in the Eqs. 6 - 16 of section 2.1. 
 
We first assume that the incoming radiation is completely directional with no diffuse 
component. Without violating generality we can take the azimuth angle of the incoming 
radiation to be i = 0. There are four components of the radiation escaping from the canopy 
upwards in direction (o, o), where o is the zenith angle and o the azimuth angle of the 
outgoing radiation:  
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1. Scattering from the canopy only, BRFcc 
2. Scattering from the forest floor only, BRFgg 
3. Canopy and forest floor scattering with the last scattering originating from the canopy, BRFgc 
4. Canopy and forest floor scattering with last scattering from the floor, BRFcg 
 
The total forest BRF is then 
 
𝐵𝑅𝐹𝑓(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) = 𝐵𝑅𝐹𝑐𝑐(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) + 𝐵𝑅𝐹𝑔𝑔(𝜃𝑖 , 𝜃𝑜 , 𝜑𝑜) + 𝐵𝑅𝐹𝑔𝑐(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) +
𝐵𝑅𝐹𝑐𝑔(𝜃𝑖 , 𝜃𝑜 , 𝜑𝑜)     (17) 
 
The part of BRFf  originating from radiation scattered directly upwards from the canopy without 
ever reaching the forest floor (BRFcc) coincides with the total canopy BRF assuming a black 
forest floor (BRFc; Eq. 2): 
 
𝐵𝑅𝐹𝑐𝑐(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) =
(1−𝑡0(𝜃𝑖))𝐵𝑅𝐹𝑐(𝜃𝑖,𝜃𝑜,𝜑𝑜)
𝑖0(𝜃𝑖)
= 𝐵𝑅𝐹𝑐(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜)  (18) 
 
The fraction of radiation t0(i) reaching the forest floor without hitting the canopy (i.e. the 
uncollided canopy transmittance) is  
 
𝑡0(𝑖) = exp(−0.5 𝐿𝐴𝐼 𝛽 cos 𝜃𝑖⁄ )    (19) 
 
Likewise, the fraction of the radiation reflected from the forest floor and escaping the forest 
without hitting the canopy is t0(o). The fraction of radiation scattered at the forest floor in the 
case of no canopy is taken to be similar to the canopy scattering, so that it obeys Eqs. 1 and 19 
with the forest floor vegetation parameters as input. Hence, the part of BRFf  originating from 
radiation scattered upwards by the forest floor without having interacted within the canopy is  
 
𝐵𝑅𝐹𝑔𝑔(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) = 𝑡0(𝜃𝑖)𝐵𝑅𝐹𝑔(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜)𝑡0(𝜃𝑜)   (20) 
 
In Eq. (20) BRFg is the reflectance factor of the forest floor vegetation and the two other 
components are the uncollided transmittances of the incident radiation and the radiation 
reflected from the forest floor, respectively.  
 
The component BRFgc, which has interacted with both the canopy and the forest floor, but has 
finally escaped from the canopy, can be described by introducing the directional distribution sg 
(i, 1, φ1) of the radiation incident from zenith angle i reaching the forest floor and being 
scattered (at first hit or after multiple scattering) from the forest floor to the canopy in the 
direction (1, φ1).  
 
𝐵𝑅𝐹𝑔𝑐(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) =





      (21) 
In the above formula, BTFc is the bidirectional transmission factor of the canopy with black soil 
assumption (Eq. 16). Because scattering from the forest floor to the canopy may come from any 
direction, we have to integrate over all possible directions to get the total amount of radiation 
scattered from the forest floor to the canopy.  
Similarly, the component BRFcg, which has interacted with both the canopy and the forest floor, 
but has finally escaped from the forest floor, can be described by introducing the directional 
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distribution (sd) of radiation scattered from the canopy to the forest floor. Like sg it is defined 
as a function of the zenith angle of the incoming radiation and the zenith and azimuth angles of 
the scattered radiation: 
 





𝜑1) cos 𝜃1 sin 𝜃1 𝑑𝜃1𝑑𝜑1     
      (22) 
 
In the above formula, the radiation sd scattered from the canopy to the forest floor (in all possible 
directions) is reflected by the forest floor vegetation (BRFg) and then transmitted upwards 
through the canopy without hitting it (t0). The two introduced scattering components sd and sg 
are related to each other by the following relationships 
 
𝑠𝑑(𝜃𝑖 , 𝜃1, 𝜑1) = 𝐵𝑇𝐹𝑐(𝜃𝑖 , 𝜃1, 𝜑1) +





      (23) 
 
𝑠𝑔(𝜃𝑖, 𝜃2, 𝜑2)  = 𝑡0(𝜃𝑖)𝐵𝑅𝐹𝑔(𝜃𝑖, 𝜃2, 𝜑2)(1 − 𝑡0(𝜃2)) + (1 −






      (24) 
 
The first term of sd describes the fraction of radiation that has first hit the canopy and then been 
scattered downwards to the forest floor. The second term describes the fraction of radiation that 
has been scattered from the forest floor to the canopy and then back to the forest floor. The first 
term of sg describes the fraction of radiation that has first reached the forest floor without hitting 
the canopy, then been scattered upwards by the forest floor vegetation and avoided escaping 
from the forest by hitting the canopy. The second term describes the fraction of radiation that 
has been scattered downwards from the canopy to the forest floor, then scattered by the forest 
floor vegetation and then instead of escaping from the forest hit the canopy to continue 
scattering (or absorption) there. BRFc describes the amount reflected to the same hemisphere 
where the radiation came from. BTFc describes the amount reflected to the hemisphere opposite 
to the one where the radiation came from. In the above equations it is assumed that BRFc and 
BTFc do not depend on whether the radiation is entering the canopy from above or below. The 
assumption is justified by the definitions of BRFc and BTFc, which do not include any 
information about the canopy direction (i.e. whether the trees are upside down or not). The 
explicit formulas for sd and sg are derived in Appendix C. 
 
Substituting Eqs. B6 and B7 into Eqs. 21 and 22 we get the total forest BRF (Eq. 17). 
Unfortunately the latter two components of the forest scattering (Eqs. 21 and 22) involve 
multiple integrals of so complicated combinations of the basic BRFs and BTFs that using 
approximate functions in the integrands will not produce very accurate results. Thus, numerical 
integration and interpolation are used in calculating BRFf. 
 
The spectral directional hemispherical reflectance of the forest, i.e. the black-sky albedo 














The four components of the spectral black-sky albedo are likewise obtained by integration of 
Eqs. 18, 20 - 22. 
 
2.3 Scattering components of diffuse radiation in the forest 
When the incoming radiation is completely diffuse, the fraction of radiation scattered from the 
forest to direction (o, o), HDRFf, (o, o), is obtained by integrating the BRFf over the angles 
of the incoming radiation (i, i) [37]. The four components of HDRFf are: 
1. Scattering from the canopy only, HDRFcc 
2. Scattering from the forest floor only, HDRFgg 
3. Canopy and forest floor scattering with last scattering from the canopy, HDRFgc 
4. Canopy and forest floor scattering with last scattering from the forest floor, HDRFcg 
The total fraction of the diffuse radiation scattered into direction (o, o) is: 
 
𝐻𝐷𝑅𝐹𝑓(𝜃𝑜 , 𝜑𝑜) = 𝐻𝐷𝑅𝐹𝑐𝑐(𝜃𝑜 , 𝜑𝑜) + 𝐻𝐷𝑅𝐹𝑔𝑔(𝜃𝑜 , 𝜑𝑜) + 𝐻𝐷𝑅𝐹𝑔𝑐(𝜃𝑜 , 𝜑𝑜) + 𝐻𝐷𝑅𝐹𝑐𝑔(𝜃𝑜 , 𝜑𝑜)  
      (26) 
The spectral bi-hemispherical reflectance of the forest, i.e. the white-sky albedo, (BHRf), is then 










𝑑𝜑𝑜 . (27) 
 
Typically the global irradiance consists of direct and diffuse components. Then the fraction of 
the incoming radiation per unit area scattered in direction (o, o) can be expressed as 
 
𝐵𝐻𝐷𝑅𝐹𝑓(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜) = 𝐵𝑅𝐹𝑓(𝜃𝑖, 𝜃𝑜 , 𝜑𝑜)(1 − 𝐷) + 𝐻𝐷𝑅𝐹𝑓(𝜃𝑜, 𝜑𝑜) 𝐷 (28) 
 
where D is the fraction of the diffuse irradiance. Likewise the blue-sky albedo (DBHRf) is 
  
𝐷𝐵𝐻𝑅𝑓(𝜃𝑖) = 𝐷𝐻𝑅𝑓(𝜃𝑖)(1 − 𝐷) + 𝐵𝐻𝑅𝑓𝐷   (29) 
 
2.4 Hotspot effect 
In the previous analysis the hotspot effect was not taken into account. A simple approximation 
for it is to multiply BRF1 with the hotspot term, like in [38, 39]. Then Eq. 6 is replaced by  
𝐵𝑅𝐹1
′(𝜃𝑖, 𝜃, 𝜑, 𝐿𝐴𝐼, 𝛽, 𝜔𝐿)
= (1 + 𝑐1𝑒
𝑐2|𝜃−𝜃𝑖| 𝜋⁄ )






− 2 cos−1 [cos 𝜃 cos 𝜃𝑖 +√1 − cos 𝜃
2√1 − cos 𝜃𝑖
2 cos𝜑]) (cos 𝜃 cos 𝜃𝑖
+√1 − cos 𝜃2√1 − cos 𝜃𝑖
2 cos𝜑)
+ 2√1 − (cos 𝜃 cos𝜃𝑖 +√1 − cos 𝜃
2√1 − cos 𝜃𝑖
2 cos𝜑)2) 
      (30) 
where c1 and c2 are hotspot coefficients related to the canopy properties [39]. 
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Now more energy is reflected to the incoming direction than when using Eq. 6 for BRF1 and 
subsequently this energy must be removed from other components, namely BTF1 and BRFd. To 











+        
1
𝜋






+ 2 𝐵𝑅𝐹𝑑(𝜃𝑖) = 1 
      (31) 
When the extra amount of reflected radiation due to the hotspot effect is subtracted from the 
other terms by an equal fraction k depending on the cosine of the zenith angle of the incident 










       𝑘(cos 𝜃𝑖)
1
𝜋






+ 2 𝑘(cos 𝜃𝑖)𝐵𝑅𝐹𝑑(𝜃𝑖) = 1  
      (32) 
The coefficient k can now be solved from the above two equations and we get 
𝑘(cos 𝜃𝑖) = 1 −
∫ ∫ (𝐵𝑅𝐹1














Now BTF1 and BRFd of Eqs. 15 and 16 are replaced by k(cosi) times BTF1 and BRFd in further 
analysis. The numerical approximations of the DHR and DHT (Appendix B) are not applicable 
for the hotspot case and deriving numerical approximations for BRF1 and BTF1 is beyond the 
scope of this study. 
 
In principle a similar hotspot effect also concerns the forest floor vegetation in Eq. 20, but 







3.1 Comparison with kernel based BRF estimates 
Kernel based BRF models are usually formulated so that the reflectance R consists of three 
components [19, 20, 21, 22, 23, 24] 
𝑅 = 𝑓𝑖𝑠𝑜 + 𝑓𝑔𝑒𝑜𝑘𝑔𝑒𝑜 + 𝑓𝑣𝑜𝑙𝑘𝑣𝑜𝑙    (34) 
where kgeo and kvol are the geometric and volumetric kernels and fiso, fgeo and fvol are parameters 
related to the canopy characteristics, such as LAI.  In the kernels by Ross [19] and Roujean et 
al. [20], the angular dependency of kgeo and kvol is separated from the canopy characteristics 
dependency. For the Li-sparse and Li-dense kernels [21, 22, 23, 24], the angular variation of 
BRF depends also on the vertical and horizontal dimensions (2b and 2r, respectively) of the 
crown and the distance h to the centre of the crown above the ground.  
Example cases are calculated using the Ross-thick, Ross-thin, Roujean, Li-sparse and Li-dense 
kernels [Error! Reference source not found.]. The hotspot effect manifested by the geometric 
Roujean and Li kernels is not included in the new BRF model simulations, but the formalism 
for taking it into account is presented in Section 2.4. Therefore those kernels differ essentially 
from our model results, which seem to resemble the volumetric kernels by Ross and Roujean. 
The developed BRF model [Figure 2] cannot either be directly compared to the Roujean and Li 
kernels, because the present BRF model depends on LAI,  and L for the canopy and forest 
floor separately, whereas those kernels depend on parameters related to the canopy crown 
properties. Hence, the model is calculated for some example LAI,  and L combinations of the 
canopy and forest floor [Table 1] to show the qualitative effect on the angular variation of the 
BRF. In addition, the model BRF is compared to the Ross kernels [Figure 2].  
It turned out that the correlation with the modelled BRF and the Ross-thick kernel is good for 
all studied cases, the R2 value varying in the range 0.88… 0.99997 (for 18 point fits). The R2 is 
higher for the sun zenith angle of 60º than of 30º, and for the canopy LAI value of 4 than 1. The 
effect of the forest floor vegetation LAI is minor (especially when the view zenith angle is 
smaller), but slightly higher R2 values correspond to the dense than to the sparse forest floor 
vegetation. The good agreement with the Ross-thick kernel is in line with the good results 
obtained when using the Ross-thick kernel for estimating the angular variation of reflectance 
due to volumetric canopy scattering, like in the MODIS albedo product retrieval [24, 25]. Only 
Table 1. The parameter values used in simulations of forest and canopy BRF. 
Parameter Value Reference 
Sun zenith angle 30°, 60°  
View zenith angle 0°, 10°, 20°, 30°, 40°, 50°, 60°, 70°, 80°  
Azimuth angle 0°, 180°  
Canopy clumping index  0.56 [41] 
Understory vegetation clumping index g 1 - 
Canopy leaf single scattering albedo ωL, Red 0.1 [49] 
Canopy leaf single scattering albedo ωL, NIR 0.7 [49] 
Forest floor vegetation leaf single scattering albedo ωL, Red 0.07 [50] 
Forest floor vegetation leaf single scattering albedo ωL, NIR 0.3 [50] 
Dense forest LAI 4  
Sparse forest LAI 1  
Dense forest floor vegetation 4  




a)        
b)        
Figure 1. Commonly used kernels for the sun zenith angle values a) 30° and b) 60° [19, 20, 21, 
22, 23]. For the Li kernels the values h/b = 1.8 and b/r = 2.5 were used, because they were close 
to typical values measured in boreal forest in Finland [40]. Positive (negative) values of the 
view zenith angle correspond to forward (backward) scattering. 
 
when the forest is sparse, the relationship between BRFf and the Ross-thick kernel is somewhat 
weaker. However, the regression coefficients do not have a clear dependence on the canopy 
LAI. Hence, reliable LAI estimation is not possible with the Ross-thick kernel in cases where 
the forest floor reflectance is not negligible. When the given dependence of the Ross-thick 
kernel coefficients on LAI [21] is applied to the regression coefficients of the modelled BRFf 
vs. the Ross-thick-kernel to derive the canopy LAI, the results are far from the LAI values used 
as input for the modelled BRFf. The zero order coefficient may even be negative [Figure 2], 
which would result in a negative forest floor reflectance or leaf single scattering albedo. For the 
LAI values used in the kernel simulations, the mean relative difference between the true LAI 
values and the values obtained from the linear regression is 77% for the red wavelength range 
and 46% for the NIR wavelength range. The estimates for the LAI values of 4 are not any better 







a)           
b)           
c)           
d)           
 
Figure 2. Relative variation of the reflectance values in the principal plane derived using the 
developed BRF model for the sun zenith angle value 30° and a) red and b) NIR channels and 
for the sun zenith angle value 60° and c) red and d) NIR channels. The corresponding nadir 
reflectance value has been subtracted from the modelled BRF curves. Positive (negative) values 




3.2 Comparison with measurements 
The capability of the model to simulate measurements is tested using a data set [Table 2] 
measured at the Hirsikangas LAI site in central Finland. A detailed site and measurement 
description can be found in [40]. This data set exceptionally contains both the canopy and 
combined canopy and forest floor vegetation LAI, which then provides a direct estimate for the 
forest floor vegetation LAI. One SPOT image of August 2, 2003 is also available. For 
comparison with the model results, the SPOT image reflectance values are averaged in a 3 x 3 
window. The sun and satellite angle values used in the simulations correspond to this SPOT 
image [Table 3]. Values of the leaf single scattering albedo and the clumping index for the 
canopy and the understory vegetation are obtained from existing measurement data of similar 
forest sites. The former ones are provided separately for sun exposed and shaded needles or 
leaves [Table 4].  
Table 2. The test LAI data set measured at Hirsikangas in 2003 [40]. Most of the 30 stands 
were pure pine stands, five mixed and one pure spruce and two pure birch stands. 
 Minimum Average Maximum 
Latitude (º) 62.6318 62.6435 62.6575 
Longitude (º) 26.9846 27.0095 27.0335 
Altitude a.s.l. (m) 103 119 147.3520 
Canopy LAI 0.27 2.18 4.52 
Forest floor LAI 0.43 2.83 5.52 
 
Table 3. The sun and satellite angles corresponding to the SPOT image of August 2, 2003 of 
Hirsikangas. 
Sun zenith angle (º) 45.45 
Sun azimuth angle (º) 165.55 
Satellite zenith angle (º) 13.8 
Satellite azimuth angle (º) 257.82 
 
Table 4. The parameter values used in calculations of the Hirsikangas BRF [38, 48, 49]. 
Parameter Value Reference 
Canopy clumping index  0.56 [41] 
Understory vegetation clumping index g 1 - 
Leaf single scattering albedo ωL 
 
Scots pine Red Sun exposed 0.3 [48] 
 shaded 0.2 [48] 
NIR sun exposed 0.9 [48] 
 shaded 0.85 [48] 
Norway spruce Red sun exposed 0.22 [48] 
 shaded 0.2 [48] 
NIR sun exposed 0.83 [48] 
 shaded 0.79 [48] 
Silver birch Red sun exposed 0.23 [48] 
 shaded 0.24 [48] 
NIR sun exposed 0.95 [48] 





The modelled BRFf and BRFc values are very sensitive to the choice of the leaf single scattering 
albedo (L). When values corresponding to sun exposed needles or leaves are used as input, 
BRFf both in the red and NIR channels are on the average -0.005 lower than the corresponding 
SPOT channel reflectance values (when the reflectance value is given in the range 0…1). For 
BRFc, the corresponding deviation is -0.009 in the red channel and -0.04 in the NIR channel. 
When values corresponding to shaded needles or leaves are used, the deviation from the satellite 
based reflectance values is in the red channel 0.0004 for BRFc and 0.01 for the BRFf. In the NIR 
channel, the corresponding deviation is -0.01 for BRFc and 0.03 for BRFf. An optimal choice 
for the leaf single scattering albedo would probably thus be something between the sun exposed 
and shaded needles or leaves, which seems quite realistic. For the shaded needles or leaves, the 
mean difference between the forest and canopy NDVI values is 2 % and the mean difference 
between the forest and canopy SR values is 8 %. For the sun exposed needles or leaves the 
corresponding values are 0.3 % and 2.3 %, respectively. 
The modelled NDVI values for the forest correlate better than those of the canopy with the 
NDVI values obtained from the SPOT image [Figure 3]. The model results obtained using L 
corresponding to shaded needles or leaves are closer to the corresponding SPOT image based 
values than those using L for the sun exposed needles or leaves. The average difference of the 
model and satellite based NDVI values is 0.03 for the sun exposed case and -0.003 for the 
shaded case with a standard deviation of 0.04 and 0.03, respectively. Because the forest floor 
vegetation is assumed to have the same optical properties (measured for coniferous forests) for 
all stands, it is understandable that the points that deviate most strongly from the SPOT based 
NDVI values are a pure birch stand and a pure pine stand having an LAI value of only 0.27. 
Some scatter is probably caused also by the forest floor vegetation LAI values, which do not 
take into account the possible moss or lichen layer on the forest floor.  
 
1.1 Simulated reflectance values and vegetation indices 
The effect of the forest floor on the total forest BRFf, and on the values of SR and NDVI, is 
demonstrated for some cases typical of boreal forest. The simulations are made for sparse and 
dense forests and forest floor vegetations, two wavelength ranges (red and NIR), and for varying 
view zenith angles in the principal plane [Table 1]. The sun zenith angle value 60º is typical in 
the boreal zone for long periods (spring, autumn). The ωL values chosen are smaller than the 
measured values in Table 4, in order to study the forest floor effect of a case for which the effect 
should not be overly pronounced.  The clumping index is chosen to account for shoot scale 
clumping in boreal coniferous forests. 
Variation of the forest and canopy BRFs with the view zenith angle are shown for sparse and 
dense canopies and forest floor vegetation in Figure 4 - Figure 7. The results are presented for 
the sun zenith angle values of 30° and 60° and for the red and NIR wavelength ranges. The 
largest effect of the forest floor vegetation on the total forest BRF naturally occurs when the 
canopy is sparse and the sun zenith angle value is small. The effect decreases with increasing 
view zenith angle. For the sparse canopy, the relative difference of the canopy and forest BRFs 
is larger for the red wavelength range than for the NIR wavelength. For the dense canopy, the 
phenomenon is the opposite: the effect is stronger in the NIR than in the red wavelength range. 
For the larger sun zenith angle value and the denser canopy, the forest floor does not have a 




Although the relative forest floor contribution to the total forest BRF is largest for a nadir view, 
it does not change markedly within the view zenith angle range 0º - 60º, which is the typical 
view angle range used for satellite images [Table 5]. For sparse forest, 39 % - 69 % of the red 
channel reflectance and 34 % - 54 % of the NIR channel reflectance may come from the forest 
floor vegetation, depending on the sun and view zenith angle values. For dense forests, the 
corresponding forest floor contribution varies between 2 % and 16 % for the red channel, and 
between 7 % and 18 % for the NIR channel. It does not matter much whether the forest floor 
vegetation LAI is dense or sparse. 
 
a)        b)  
 
c)         d)    
Figure 3. The modelled NDVI value of the forest (a & c) and the canopy (b & d) compared to 
the NDVI value derived in a 3x3 window of the SPOT image for the Hirsikangas site. The 
circles (a & b) represent model results using the albedo values of sun exposed needles or 
leaves and the diamonds (c & d) represent those for shaded needles or leaves. The opacity of 
the points is proportional to the inverse of the standard deviation of 3x3 window pixel values 






Table 5. Relative contribution of the forest BRF in the red and NIR wavelength range caused 
by the forest floor vegetation for various values of LAI, LAIg, θi,  and θo. 
Wavelength range θi   LAI LAIg (BRFf – BRFc)/BRFf 
θo = 0º θo = 60 º θo = 80 º 
Red 30º 180º 1 1 0.69 0.62 0.33 
1 4 0.63 0.51 0.22 
4 1 0.16 0.07 0.005 
4 4 0.13 0.05 0.005 
0º 1 1 0.69 0.62 0.33 
1 4 0.63 0.50 0.21 
4 1 0.16 0.07 0.004 
4 4 0.13 0.05 0.005 
60º 180º 1 1 0.55 0.46 0.21 
1 4 0.50 0.40 0.16 
4 1 0.06 0.02 0.001 
4 4 0.05 0.02 0.002 
0º 1 1 0.55 0.46 0.21 
1 4 0.50 0.39 0.16 
4 1 0.06 0.02 0.001 
4 4 0.05 0.02 0.001 
NIR 30º 180º 1 1 0.54 0.50 0.31 
1 4 0.50 0.44 0.28 
4 1 0.16 0.12 0.06 
4 4 0.18 0.13 0.08 
0º 1 1 0.54 0.50 0.30 
1 4 0.50 0.43 0.27 
4 1 0.16 0.11 0.06 
4 4 0.18 0.12 0.07 
60º 180º 1 1 0.44 0.40 0.22 
1 4 0.41 0.36 0.20 
4 1 0.12 0.08 0.04 
4 4 0.13 0.09 0.04 
0º 1 1 0.44 0.38 0.22 
1 4 0.41 0.34 0.19 
4 1 0.12 0.07 0.03 
4 4 0.13 0.07 0.04 
 
 
The comparison of the SR and NDVI values computed from BRFc and BRFf are shown in   Figure 
8 and Figure 9. Obviously, the difference between the SR values of the canopy and the forest 
increases with decreasing canopy LAI. The effect of the forest floor on SR and NDVI can be 
either positive or negative. For the simulated data, the relative difference of the forest and 
canopy SR values is in the range -19% to 9% for the sun zenith angle value 60º, and -33% to 
10% for the sun zenith angle value 30º. For NDVI, the corresponding range for the relative 
difference is -5% to 1% for the sun zenith angle value 60º, and -9% to 2% for the sun zenith 
angle value 30º. When LAI is estimated using vegetation indices, the relationship is typically 
assumed to be linear. Then relative error of the SR and NDVI also represents the relative error 












Figure 4. Variation of the canopy and forest BRFs in the red wavelength range with the view 
zenith angle for the sun zenith angle value 30° in the principal plane for various LAI values of 








Figure 5. Variation of the canopy and forest BRFs in the NIR wavelength range with the view 
zenith angle for the sun zenith angle value 30° in the principal plane for various LAI values of 









Figure 6. Variation of the canopy and forest BRFs in the red wavelength range with the view 
zenith angle for the sun zenith angle value 60° in the principal plane for various LAI values of 








Figure 7. Variation of the canopy and forest BRFs in the NIR wavelength range with the view 
zenith angle for the sun zenith angle value 60° in the principal plane for various LAI values of 





Figure 8. The SR value of the canopy as a function of the forest SR value for various values of 
view zenith angle and the sun zenith angle values 60º (a) and 30º (b). The solid symbols 
indicate the forward scattering direction and the open symbols the backscattering direction. 
The markers denote: circles: (LAI = 1, LAIg =1), triangles: (LAI = 1, LAIg = 4), diamonds: 






 b)  
Figure 9. The NDVI value of the canopy as a function of the forest NDVI value for various 
values of view zenith angle and the sun zenith angle values 60º (a) and 30º (b). The solid 
symbols indicate the forward scattering direction and the open symbols the backscattering 
direction. The markers denote: circles: (LAI = 1, LAIg =1), triangles: (LAI = 1, LAIg = 4), 









The BRF model presented here shows that for sparse coniferous forests (Table 1), the 
contribution of the forest floor to the total BRF of the forest can be larger than that of the canopy. 
But even for denser coniferous forests, the contribution of the forest floor to BRFf can exceed 
5 % and 15% in the red wavelength range and 10 % and 15% in the NIR wavelength range for 
the sun zenith angle values 60° and 30°, respectively. The effect is larger with smaller view 
zenith angle values, which is understandable because the forest floor is more visible when 
viewed from close to nadir. The relative angular variation of BRFf is rather insensitive to the 
forest floor in the red wavelength range and at large sun zenith angle values, so that fitting the 
normalized BRF to satellite reflectance values seems a preferable alternative to fitting directly 
the BRF values, when the forest floor properties are not known and the goal is to estimate the 
canopy LAI.  In addition, the BRF dependence on the azimuth angle difference of the incoming 
radiation and the viewing direction is in the red wavelength range about the same for the canopy 
and the forest for sun and view zenith angle values of 60, but differs in the NIR wavelength 
range. Hence, one might get some information concerning the forest floor by simulating the 
canopy BRF in the NIR wavelength range on the basis of the observed BRF in the red 
wavelength range and comparing it with the observed BRF in the NIR wavelength range. 
It is well known that for boreal forests the relationship between satellite based NDVI and canopy 
LAI gets poorer during the growing season, but is relatively good in spring right after the snow 
melt [42, 43, 44, 45, 46, 47]. This can be explained by the model results shown here. After the 
snow melt, the forest floor is covered with withered vegetation of previous year and it is not 
green. The understory vegetation starts to grow at the onset of the growing season and later in 
summer the NDVI values of the forests may contain a non-negligible component (≿5 %) from 
the forest floor. As the forest floor LAI values (and thus the spectral reflectance values) are not 
identical for all forests, it is understandable that the varying forest floor contribution to NDVI 
complicates the relationship of NDVI with the canopy LAI. The same problem occurs when 
using satellite based SR values directly for canopy LAI retrieval. Even when NDVI or SR are 
not used for estimating the canopy LAI one should recognize that the seasonal variation of these 
indices does not necessarily describe changes in the canopy only. The forest floor effect on SR 
and NDVI is larger when the canopy is sparse and the forest floor vegetation is dense, which is 
typically the case close to the northern boreal forest edge. But one has to notice that even for 
mature forests (LAI = 4) the effect of the forest floor on SR and NDVI cannot be neglected.  
5. Conclusions 
A simple analytical BRF model including the contribution from the forest floor is presented. It 
contains only a few parameters needed in addition to the reflectance values and angular 
information available for satellite data, thus a large satellite image data set is not required for 
fitting the model in order to estimate LAI. The presented model provides a method to take into 
account the effect of the forest floor on the total forest reflectance. Yet, the current version of 
the model with its double integrals is rather heavy to use for inversion of satellite based 
reflectance values. For operational purposes a LUT based approach would be a practical 
alternative.  
 
Typical cases of boreal forest were simulated and it was shown that usually the understory 
vegetation effect on the total forest BRF varied within 2 % - 69 % in the red wavelength range 
25 
 
and within 7 % - 54 % in the NIR wavelength range. In addition, it was found that SR and NDVI 
values were also sensitive to the forest floor vegetation, especially when the view zenith angle 
was small. The difference between the forest and canopy values was of the order of 10 % to 30 
% for SR and of the order of 1 % to 10 % for NDVI, depending on the sun and view zenith 
angles. The relative variations of the canopy and forest BRFs with the view angle were mostly 
alike, only for sparse forest the relationship of the BRF with the view angle differed. In addition, 
the model produced a view angle dependency that has a strong linear relationship with the Ross-
thick kernel for dense forests and large sun zenith angle values. 
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Appendix A: Nomenclature 
 
b Vertical semi-axis of the crown ellipsoid  
BHRf Bi-hemispherical reflectance of the forest, i.e. white-sky albedo 
BHDRFf(o, o) Fraction of the incoming radiation per unit area scattered in 
direction (o, o) 
BRF Bidirectional reflection factor 
BTF Bidirectional transmittance factor 
BRFc Bidirectional reflection factor of canopy only 
BRFf Total bidirectional reflection factor of forest 
BRFg Bidirectional reflection factor of forest floor vegetation 
BRFcc Bidirectional reflection factor containing contribution only from canopy (=BRFc) 
BRFcg Bidirectional reflection factor containing contributions from canopy and forest 
floor scattering with last scattering from the floor, 
BRFgc Bidirectional reflection factor containing contributions from canopy and forest 
floor scattering with last scattering from the canopy 
BRFgg Bidirectional reflection factor containing contribution only forest floor 
BRF1 Bidirectional reflection factor of the first scattering 
BRF'1 Bidirectional reflection factor of the first scattering including the hotspot effect 
BTF1 Bidirectional transmittance factor of the first scattering 
c1 and c2  Hotspot coefficients 
D  Fraction of diffuse irradiance 
DHR1 First order directional hemispherical reflectance 
DHRf Directional hemispherical reflectance of the forest, i.e. black-sky albedo 
DBHRf Blue-sky albedo of forest 
DHT1 First order directional hemispherical transmittance 
Ei  Exponential integral function 
fiso,  Coefficient of isotropic kernel 
fgeo  Coefficient of geometric kernel 
 fvol Coefficient of volumetric kernel 
G  Mean projection of unit leaf (needle) area 
h  Distance to the centre of the crown above the ground 
HDRFf,  Bi-hemispherical reflectance of forest 
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HDRFcc Bi-hemispherical reflectance of forest canopy only 
HDRFgg  Bi-hemispherical reflectance of forest floor only 
HDRFgc  Bi-hemispherical reflectance of forest containing contributions from canopy and 
forest floor scattering with last scattering from the canopy 
HDRFcg Bi-hemispherical reflectance of forest containing contributions from canopy and 
forest floor scattering with last scattering from the floor 
iD  Canopy diffuse interceptance 
i0 Canopy interceptance 
k Hotspot effect coefficient 
kgeo  Geometric kernel 
kvol  Volumetric kernel 
LAI Leaf area index 
NDVI Normalized difference vegetation index 
p Photon recollision probability 
p1 Photon recollision probability after the first scattering event 
pd Photon recollision probability of multiple order 
r Horizontal semi-axis of the crown ellipsoid 
R2 Coefficient of determination 
sd(i, 1, φ1)  Directional distribution of radiation incident from zenith angle i scattered from 
the canopy to the forest floor in the direction (1, φ1) 
sg (i, 1, φ1)  Directional distribution of the radiation incident from zenith angle i scattered 
from the forest floor to the canopy in the direction (1, φ1) 
SR Simple ratio vegetation index 
t0 Uncollided canopy transmittance 
  Canopy clumping index  
γ Phase angle 
φ Azimuth angle of scattered radiation 
o  Azimuth angle of the outgoing radiation  
  Zenith angle of scattered radiation 
θi Zenith angle of the incoming radiation 
o  Zenith angle of the outgoing radiation  
  Reflectance of a leaf  
ρg Forest floor reflectance in Ross-thick kernel 
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1  Directional escape probability of the first order scattering 
d Directional escape probability of the diffuse scattering 
  Transmittance of a leaf 
C  Canopy scattering coefficient 
L  Leaf single scattering albedo 





Appendix B: Approximations of canopy BRF and BTF 
 
Simple analytical approximative functions were derived for the canopy BRFc and BTFc 
(denoted here simply BRF and BTF) approximating the scattering phase related term 
(cos 𝛾 (−2γ + 𝜋) + 2 sin 𝛾)  with a polynome of second order in cos2 𝛾 , namely: 
2 + 𝑓1cos
2 𝛾 + 𝑓2  cos
4 𝛾, where cos(𝛾) = 𝑢𝑖𝑢 + √1 − 𝑢𝑖2√1 − 𝑢2 cos𝜑, u = cos and ui = 
cosi ,   being the zenith angle of the scattered ray and i the zenith angle of the incoming ray 
and  difference of their azimuth angles. The coefficients have the values f1 = 
0.9630536970903564 and f2 = 0.17163057942426657. The agreement of the approximation is 
very good (Figure B1). 
 
 
        
Figure B1. The ratio (left) and difference (right) of the approximative 2 + 𝑓1cos
2 𝛾 + 𝑓2  cos
4 𝛾 
and original scattering phase related function (cos 𝛾 (−2γ + 𝜋) + 2 sin 𝛾). 
 
Applying the above approximation to the phase related term, it is possible to analytically 
integrate the bidirectional reflectance and transmittance factors of the canopy from first 
scattering, BRF1 (Eq. 6) and BTF1 (Eq. 7) respectively, to derive DHR1 (Eq. 9) and DHT1 (Eq. 
10). Consequently, the diffuse reflectance BRFd can also be derived in analytic form (Stenberg 
and Manninen, 2015) and hence both the total bidirectional reflectance and transmittance (BRF 
and BTF) are also derived in analytic form. The approximations of DHR1 and DHT1 differed 
from the numerically integrated values of Eqs. 9 and 10 less than 10-8 in the range 0.1…1 of u 
and ui. 
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𝑡20 = 1920 + 320𝑓1 + 80𝑎𝑓1 − 80𝑎




𝑡21 = −240𝑓1 + 240𝑎𝑓1 − 270𝑓2 + 330𝑎𝑓2 + 15𝑎
2𝑓2 − 15𝑎
3𝑓2  
𝑡22 = −480𝑓1 − 240𝑎𝑓1 + 240𝑎




𝑡23 = 720𝑓1 − 720𝑎𝑓1 + 1440𝑓2 − 2040𝑎𝑓2 − 150𝑎
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𝑡26 = −5800𝑓2 − 700𝑎𝑓2 + 700𝑎
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The analytic integrals of DHR1 and DHT1 match the corresponding numerical integrals of 
Eqs. 6 and 7in the range ui = 0.1 … 1 with an accuracy better than 10
-8.  
𝐵𝑅𝐹𝑑(Ω) =
















𝑑10 = 1920 + 320𝑓1 + 192𝑓2  
𝑑11 = 240𝑓1 + 270𝑓2  
𝑑12 = −480𝑓1 − 600𝑓2  
𝑑13 = −720𝑓1 − 1440𝑓2  
𝑑14 = 1440𝑓1 + 3480𝑓2  
𝑑15 = 2550𝑓2  
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𝐷7 = Ei (−
𝑎(1+𝑢𝑖)
𝑢𝑖










































𝐷9 = Log (
𝑢𝑖
1+𝑢𝑖





𝑑91 = 1920 + 480𝑓1 + 360𝑓2  
𝑑93 = −960𝑓1 − 1440𝑓2  
𝑑95 = 1440𝑓1 + 5040𝑓2  
𝑑97 = −7200𝑓2  
𝑑99 = 4200𝑓2  
 
Finally, the total bidirectional reflectance BRF() and transmittance BTF() are 
𝐵𝑅𝐹(Ω) = 𝐵𝑅𝐹1(Ω) + 𝐵𝑅𝐹𝑑(Ω)  






Appendix C: Solving sd and sg 1 
 The radiation components scattered from the canopy to the forest floor and the other way round have to be self-consistent, hence we substitute the 2 
Eq. 24 to Eq. 23 to obtain 3 























          (B3) 4 
Now sd is derived as a function of itself and the self-consistency condition can be applied by multiplying both sides of Eq. B3 by cos1 and 7 
integrating over angles 1 and 1. 8 
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− 𝜑2) cos 𝜃2 sin 𝜃2 𝑑𝜑2𝑑𝜃2
)
 cos 𝜃1 sin 𝜃1 𝑑𝜃1𝑑𝜑1 13 
          (B4) 14 
Since all three zenith and azimuth angles are integrated away from the last term of Eq. B4, that term has no angular dependence left and the 15 
integration parameters (1, 1) and (3, 3) of that term can be interchanged. Then we have the following relationship for the integrands on both 16 
sides of Eq. B4. 17 




















          (B5) 20 
Solving the equation for sd we get 21 
42 
 





















          (B6) 23 
Likewise we substitute Eq. 23 to Eq. 24 in order to get sg as a function sg. Applying the self-consistency condition and changing integration 24 
parameters as before we get the following equation for the fraction of radiation scattered from the forest floor to the canopy 25 
 26 
𝑠𝑔(𝜃𝑖 , 𝜃1, 𝜑1) = (1 − 𝑡0(𝜃1)











𝐵𝑅𝐹𝑔(𝜃3, 𝜃2, 𝜑2 − 𝜑3)
2𝜋
0








          (B7) 28 
 29 
For convenience we have interchanged the indices 1 and 2 of the angular variables of sg. 30 
 31 
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